The aim of this paper is to study the stabilization properties of the system (1) by means of a direct feedback u(t) = Dx(t) (with DeL(X,U)), or through the output (2) with u(t) = Ky (t) = KHx( 11 (where KeL(Y.U)). Stabilization problems have gained the interest of many authors. Yet we shall refer to W.M. Wonham [8] for finite dimensional systems, and to A.J. Pritchard -J. Zabczyk [6] for the infinite dimensional case (see also L. Pandolfi [5] , M. Megan -R. Reghis [4] for evolution processes in infinite dimensional spacesJ. Section 1 deals with stabilization by direct feedback. A generalization of results in [7] will be given via a similar decomposition of the state space. The second section will be (1)
x(t) = Ax(t) + Bu(t) Let us put L « {x e X : B*S*(t)x = 0, t* o}, L 1 the orthogonal oomplement of the subspace 1, and F the orthogonal projection operator on L (so that I-F is the orthogonal projector associated with L). L is then dearly an A*-invariant, closed subspace of X, i.e. A*(L r> D{ A*) ) c L, where A* is the adjoint of A.
Applying P and I-P to both sides of (1) yields:
(4i i 2 ( t) = (I-P)Ax2(t), 0 0 with x^t) = Px(tJ and x2(t) = (I-P)x(t), t * 0. Theorem 1.
When the operator PA(I-P) is bounded, the system (1) is exponentially stabilizable if and only if:
(i) The system x.. = PAx1 + PBu is exponentially stabili-
(ii) The system x2 = A*x2 is exponentially stable in L. Proof.
Only if: Assume that system (1) is exponentially stabilizable, then (i) is obvious: one can take as a feedback operator the restriction of D to the subspace L" 1 ". Now to show (ii), let x2e L, so that, [éj: t sj(t)x2 = S*(t)x2 + j sJ(t)D*B*S*(t-s)x2ds = 0 = S*(t)x2, since B*S*(t)x2 « 0 for t» 0.
On the other hand, from exponential stabilizability assumption we get |s*(t)*2||«v~e t h>ll.
which states the exponential stability of the system x2 = A*x2> If; Let D1 be the feedback operator for the system x^ = PAx^ + PBu, and denote by S^t) the semigroup generated by PA + PBD1 in the suba pace L.
As feedback operator for the system (1), let us take D = {d.J,o]-, i.e. the operator defined by the relation Dx=D.|Px; then for xfJ e D( A), we get x(t) = SD(t)xQ = x.,(t) + x2(t), where t (5) x^t) = S^ (t(0) + | S1(t-s)PAx2(s)ds, 0 (6) x2(t) = (I-P)SD(t)(I-P)x2(0) = (I-P)0(t)(I-P)x2(0).
We shall first consider x2(t). We have
||x2(t)||« || ( I-? ) S( t ) ( I-P) || ||x2(0)|U ^ || ( I -P ) S* ( t ) ( I -P ) || ||x2(0)||.
On the other hand, (I-P)£*(t)(I-r) is a semigroup generated by the restriction of A* to the subspace L. So, by assumption (ii) we get -S33 - 
||SD(t)|UN e" e \
which means the exponential stabilizability of system (1).
Remark.
The boundedness assumption of PA(I-P) is satisfied in particular in the following cases:
, L is A-invariant (for example when A is self-adjoint).
We can also give a more particular result for the stabilization of system (1), when the operator A is self-adjoint. Theorem 2.
If A is self-adjoint, the system (1) is stabilizable if and only if:
(i) The system (1) is stabilizable on L" 1 , (ii) The system (1) is asymptotically stable on L.
Proof.
Only if: Assume that tha system (1) is stabilizable. Then condition (i) is trivial, and there exists DcL(X,U) such that we have: lim (SjJtjx.y) = 0, for all x in X and all y in L. t -00 u Notice that (SD(t)x,y) = (x,s£(t)y), where s£(t) is the semigroup generated by the operator (A+BD)* = A* + D*B*, and satisfies [l ]: t S*(t)y = S*(t)y + j S*(t)D*B*S*(t-s)yds. 0 But since ye L, then B*S*(t-s)y = 0 for all se [o,t], and so: Sp(t)y = S*(t)y. Therefore we get lim (S(t)x,y) = lim (x,S*(t)y) = lim (x,S*(t)y) = t -»OO t -OO t -00 = lim (Sn(t)x,y) = 0, t -OO " which means that the system x -(A+BD)x is weakly-asymptotically-stable. Prom [2] , it follows that this system is asymptotically stable, indeed, since A is self-adjoint, S(t) is self-adjoint and we have for all x in X: ||S(t)x|| 2 = (£>( t )x,S( t )x) = (S(2t)x,x) -0 (t -00).
If: From assumption (i), there exists a linear operator D^, D1 e L(L ,U) such that the system (3) is stabilizable. Remark that, since A is self-adjoint, PAx2 = 0 for all x2 in L, so that system (3) becomes (3') x1 = PAx1 + PBu.
Let us take BB a feedback control for the system (1), the function u(t) = D.,Px(t) = D^^tJj the generalised solution of (1) with this control is: x(t) = x1(t) + x?(t), where
x.,(t) = S^tJx^O) = PSD (tJx^O), x2(t) «= S2(t)x2(0), S2(t) standing for the semigroup generated by the operator (I-P)A. Sinoe L is A-invariant (because A = A*), the operators S2(t) and S(t) coincide on L. So, from (ii) we have lim ||*2(t)|| = 0, t •* oo and from (i) lim [|3cn (t) || = 0. t -» oo Therefore, we deduoe that lim ||x(t)|| = 0, which means that t* oo the system (1) is stabilizable.
Stabilization by indirect feedbaok
In this section we shall attempt to extend some of Wonham's finite-dimensional results [8] to the case where A is a bounded operator acting in a Hilbert space (likewise B and H).
Let X1 be the subspaoe Lin {KerH, AKerH, A 2 KerH,...}, and X2 = xf its orthogonal complement. These two closed subspaces of I are respectively A and A*-invariant. Set Q and I-Q for the orthogonal projectors on the subspaces X.j and X2 respectively, and apply these operators to both sides of the system (l)-(2) to obtain (10) x1 = QAx1 + QAXg + QBu, The system x = Ax is exponentially stable on X1, (iii) Im H (i.e., the range of H) is a closed subspace. Proof.
Assumption (i) assures the existence of a bounded linear operator D2 e L(X2,U) which makes the system (11) exponentially stabilizable. Since X2cIm H*, then with (iii) and from a result of R.G. Douglas [3] , there exists a linear operator P^eLiY.Xg) such that I-Q = F2H. So the system (11) is exponentially stabilizable by means of the feedback u(t) = K2Hx2(t) = D2F2Hx2(t).
On the other hand, 7 is a Hilbert space, and Im H is closed. Consequently and consider the initial system (1) with the control u(t) = = KHx(t) = Ky(t). Pot XQ in X, the solution of (1) is: x(t) = x.j(t) + x2(t), where t (13) *,(*) = a QAt x1(0) + j e QA(t -8, (QA+QBK2H)x2(s)d8, 0 (14) x2(t) = e^X^H^O).
By construction of Kg, we have Then, we can get from (13) and (16) after some computations (17) ||x1(t)||<Me-0lt l|x«>)||.
for some positive constants U and«. Therefore, from (15) and (17), we deduce the inequality ||x(t)|| « Ne~a t x0, for all XQ " x(0) in I) that means that the system (1) is exponentially stabilizable by output feedbaok* Ve can derive as a corollary the following known result [8] in finite dimensional spaces.
Corollary.
If the system (1) is stabilizable, and Z^ contained in the stable part of the homogeneous system x i Ax (i.e. X^ c X"(A)), than (1) is stabilizable by output feedbaok.
Remark. The conditions of Theorem 3 are sufficient but not necessary for the stabilization by output. (Examples can be easily constructed).
From more investigations in this way, it appears that a neoessary condition for stabilization by output is that the unobservable part of the system i.e. the subspace o£ » fl Ker HA 1 , must be contained in the stable part of the i homogeneous system x » Ax.
Let R be the orthogonal projection operator on £ , I-K that of <£ and x,, = Rx, xg -(I-ti)x for all x ic X. Applying'R and I-R to eaoh side of (1) (1) is exponentially stabilizable on X, it must be so on X 1 (and £ too). Then (a) is obvious, and there exists a bounded linear operator K eL(YfU) such that the system x • (A+BKH)x is exponentially stable in X . Thus, we have IIS^mx^Ne-^Uxll, for some positive constants N and a , and for all x in X . Furthermore, for all x in<£, BKH x » 0. So, on the subspacejC, the semigroup generated by A coinoide with that generated by the restriction on £ of the operator A+BKH. Then, HSjQjftJxl = IISitJxIUNe'^lxll, for all x in X . This proves that the system i = Ax is exponentially stable on J? . If; Let us consider the system (18). From assumption (a), there exists an operator KeL(Y,U) such that the generalised solution of (8) with the control u(t) * KHx2(t) satisfies (19) ||x2(t)||*M2e" e2t ||x2(0)||, for some positive constants U2, e2« As a feedback control for the system (1), we shall take the control u(t) » KHx2(t). If S^t) denotes the semigroup generated by the operator RA, then we get for x^ in D(A) : x(t) « » x^t) + x2(t), where x2(t) is the solution of (18) and x.,(t) that of (17) defined by -639 -t (20)
x.,(t) = S^ {t (0) + j S1(t-s)(RA+RBKH)x2(8)dB. 0
Since RAx1 = Ax., for all x1 in X , then S1(t)x1 = S(t)x.,. But, (1) is exponentially stabilizable with the control: u(t) = Ky(t) = KHx2(t).
